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Abstract

Amodified version of the Strongly Implicit Procedure (SIP)
for solving partial differential equations is presented. The

capabilities of the modified scheme are demonstrated and
analyzed for the case of two-dimensional subsonic or transonic
potential flow over airfoils. The improved technique accel-
erates the convergence rate of the SIP considerably. For the
problem studied here, it was found to reduce the number of
iterations required for convergence by 50-85 %, when com-
pared to the SIP. The modified technique is weakly sensitive to
the choice of the parameter sequence a. of the SIP, and its
optimal relaxation parameters are almost independent of the
grid size, grid type, or type of the equations to be solved.

Introduction
Stone's Strongly Implicit Procedure (SIP)1 is a fully implicit

iterative method for solving large sets of linear equations that
arise in the approximate solution of partial differential equa-
tions. The method was used for solving various problems.1"3

The method was later extended by Rubin and Kosla4 to the
solution of block algebraic equations that arise in the solution
of a set of strongly coupled partial differential equations.

In this study an improved technique is presented for acceler-
ating the convergence rate of the SIP. The technique is based
on the use of overrelaxation parameters that are combined
with alternating sequences of solutions. The new technique has
been tested on the solution of steady, subsonic/transonic po-
tential flow over a two-dimensional airfoil. Both techniques
have been used before. Overrelaxation is a well-known tech-
nique that is used with many numerical techniques. Alternat-
ing solutions were tried before with the SIP1'3 and were found
to improve the convergence rate in some cases. In all the cases
that we examined, overrelaxation by itself caused the SIP to
diverge, and alternating solutions did not improve the conver-
gence rate. However, by combining the two techniques, we
achieve a significant improvement of the convergence rate of
the SIP.

Physical Test Case and Mathematical Formulation
Two-dimensional, steady, subsonic/transonic potential

flow is governed by the conservation laws of mass and energy
and the isentropic gas assumption.2 The equations may be
recast in a strongly conservative form into a general computa-
tional coordinate system (£,f) yielding the following set of
equations:
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where 7 is the specific heats ratio,
number and

(2)

is the freestream Mach

W = A +

An implicit finite difference approximation for Eq. (1) is writ-
ten resulting in a linear set of equations. The equations are
then recast into a "correction" form: <k>n + l = <£" + 5<f)n + l (n
denotes the iteration number) yielding the following linear set
of equations:
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The detailed derivation and definitions of the coefficients can
be found in Ref. 5. Equation (3) can be written in a matrix
notation as

= [*«•")] (4)

where the coefficient matrix [M] is a five-diagonal matrix for
the two-dimensional case under consideration.

The boundary conditions along the outer boundaries are

</>// - </>«> + —- tan
Lit

(5a)

where </>oo = x cos 0.4 + z sin OLA , aA is the mean angle of attack
of the airfoil, and the circulation F is given by the potential
jump at the trailing edge. The F is unknown a priori and is
calculated by an iterative procedure. On the airfoil the
boundary conditions are

fpW\W = 0, or alternatively ( —— 1 = 0
\ J /

(5b)
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Two slightly different, body-fitted, sheared C-type grids
described in Refs. 6 and 7 were used in this study.

Strongly Implicit Procedure and Accelerated
Strongly Implicit Procedure

A complete description of Stone's SIP method can be found
in Ref. 1; therefore we shall describe it here only briefly. The
SIP alters the matrix [M] to obtain a matrix [M'] that can be
factored into the product of a lower triangular matrix [L ] and
an upper triangular matrix [£/], each containing only three
nonzero diagonals: [L] - [U] = [M] = [ M ' ] . Simple recursion
equations are then used to solve the modified set of equations.
The computational molecule of [M'] is built from the five
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points of [M] and an additional pair of asymmetric grid
points. To reduce the effect of the additional terms, the
method incorporates a relaxation parameter a, which is al-
lowed to vary between 0 and 1. A different algorithm can be
obtained by incorporating the opposite pair of asymmetric
grid points for each grid node point. The recursion equations
of this algorithm can be found in Ref. 3. This later algorithm
will be called here the "backward solution" to distinguish it
from the former "forward solution." These two algorithms
are independent of each other and can be used by themselves
or can be coupled into an alternating sequence of odd and even
iteration numbers. As for the computational effort, the time
required for a given number of iterations of the SIP when used
with the forward solution alone is the same as with the back-
ward solution alone, and it is also the same as with the alternat-
ing solutions (alternating sweeps are counted as two itera-
tions). The amount of storage required by the above three
variants is also the same.

Our studies show that the use of an alternating sequence of
solutions together with overrelaxation accelerates the conver-
gence rate of the SIP considerably. This modified algorithm
will be called the ASIP (Accelerated Strongly Implicit Proce-
dure). For the flow problem studied here, overrelaxation is
used in updating the velocity potential </> and the circulation F
in the following manner:

= (l - +
l = T" (6)

where a></, and cop are relaxation parameters for </> and F respec-
tively, and the superscript * denotes the updated value.

Our studies show that the use of overrelaxation parameters
greater than 1 with just one type of solution, the forward
solution or the backward solution, causes divergence of the
iterative procedure. Furthermore, for o^ = cor = 1 the conver-
gence speed of the forward solution and of the ASIP are about
the same.

Typical Results
Results were obtained for two-dimensional subsonic or tran-

sonic flow over a N AC AGO 12 airfoil at various angles of at-
tack. The parameter o: of the SIP was taken as a cyclic set of
M elements given by am = 1 -0.001m/M, m = 0,1,...,M- 1.

The convergence criterion in the present calculations was

RMAX =
max/,* •

max/,* • Rfik
; Cr and

\

; cr (7)

where Cr is a prescribed convergence parameter, taken in the
present calculations to be 10 ~4 .
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Fig. 1 Convergence histories of RMAX and T of the ASIP.

Fig. 2 The number of iterations required for convergence vs M.

Figure 1 presents typical results of comparison of the con-
vergence histories of the maximum residual RMAX, and F, of
the ASIP for co^ = cop = 1 and w^ = cop = 1.7. The results were
obtained for Mx = 0.75 and aA = 1 deg with a 140 x 35 C-type
grid of Ref. 6. At these flow conditions, a shock wave occurs.
Figure 2 shows typical results of the number of iterations
required by the ASIP for convergence as a function of the
number of elements M for various relaxation parameters. The
results were obtained for a subcritical flow of Moo^O.75 and
aA = 2 deg, with a 140 x 35 C - type grid of Ref. 6.

Conclusions
An improved technique for accelerating the SIP method has

been presented. The advantages of the technique are as fol-
lows, a) It does not depend strongly on the nature of the
coefficient matrix of the equations to be solved, b) It is not
sensitive to the choice of the relaxation parameter sequence a.
c) There are optimal overrelaxation parameters, which reduce
the number of iterations required for convergence to a mini-
mum. These parameters are almost independent of the grid
size, grid type, type of the equations to be solved, or size of the
a sequence for M > 5. These parameters are about
co0 = ur = 1.7. For M < 4, both the SIP and the ASIP diverge
for most of the cases that we investigated, d) It reduces signif-
icantly the number of iterations required for convergence. For
the test cases studied here, a 50-85% reduction was achieved,
e) The computer storage required by the procedure is the same
as that of the SIP.

The technique is expected to be an important tool in improv-
ing the SIP method when used for solving large sets of linear
equations that arise in the approximate solution of sets of
partial differential equations.
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